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���K:8G 5I��6 I T

Schrödinger�&�

L/H5
���T 5 IAQ6 M>L)L

Schrödinger�&�T"EA6JBJP5

%��$@J8Y(�)L �4�

 �4� U MYFL(�LCRDRL��V;

I��	/H<QI��AQ6U 5 M-�?RG8QIAQ6V

>LI<5>RP(�L�F�FK�@G,SRQ!�L3K%4MJ@6

Ψ(r1,r2 ) r1,r2 Ψ(r1,r2 ) =ϕ(r1)ϕ(r2 )
ϕ(r2 )ϕ(r1)

(�XK�@G,SRQ!��K4AQ0'M58FHOO9�FL(�IM4�J=

 �4� T�FX(�I@G�9>I;��Q6

%��$LJ8I<U7Q8M#.@G+8I<V��	/L�1M�3;*2@GO

�@J86

ϕ(r1)

H = H1 + H 2
H1 r1

H 2 r2
Ψ(r1,r2;t0 ) =ϕ(r1;t0 )ϕ(r2;t0 ) ϕ(r1;t) ϕ(r2;t)

 
i ∂
∂t
ϕ(r1;t) = H1ϕ(r1;t)

ϕ(r1;t0 ) ϕ(r2;t0 ) Ψ(r1,r2;t) =ϕ(r1;t)ϕ(r2;t)

i!
∂
∂t
ϕ(r2 ;t) = H2ϕ(r2 ;t)
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i ∂
∂t

Ψ(r1,r2 ) = i
∂ϕ(r1;t)

∂t
ϕ(r2;t)+ϕ(r1;t)

∂ϕ(r2;t)
∂t

⎛
⎝⎜

⎞
⎠⎟

= H1ϕ(r1;t){ }ϕ(r2;t)+ϕ(r1;t) H2ϕ(r2;t){ }
= H1ϕ(r1;t)ϕ(r2;t)+ H2ϕ(r1;t)ϕ(r2;t) = H1 + H 2( )ϕ(r1;t)ϕ(r2;t) = HΨ(r1,r2 )

"�� CT��

�,MO_"�� >8T��MO` O N�MO�@L97

B=B N�N��5�N+�)�I.CAJ>I?T7�;P6 N

��N�
!�/�'M�CT5�N(�JBH W�3CUP6�3

N��O N5�E=S6DNR:L�JLT7

Ψ(r1,r2 ) ϕ(r1)ϕ(r2 )
ϕ(r1)ϕ(r2 ) r1

Ψ(r1,r2 )
r2

CLVF6'
�N��5�N%4O6�2�'M5CT��5� J

N$N+�)�MRGH�SUT7

ϕ(r1) ϕ(r2 )

\X[]N0-I0;P65� N%4O5� N%4J65�

N%4JNZ^Y]$I8T7

Ψ(r1,r2 ) ϕ(r1) ϕ(r2 )
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S)�*F��1�OR)�*F.�&0F��*B�/3

Ψ(r1,r2;t) = C λ1,λ2 ,t( )
λ1,λ2
∑ ϕλ1

(r1)ϕλ2
(r2 )

R!#F)�8 E2S!#F)�8 E4L$���G2ν1 ν2

ϕν1
*(r)ϕν2

*(r ')∫∫ Ψ(r,r ')drdr ' = ϕν1
*(r)ϕν2

*(r ')∫∫ C λ1,λ2 ,t( )
λ1,λ1
∑ ϕλ1

(r)ϕλ2
(r ')drdr '

= C λ1,λ2 ,t( )
λ1,λ2
∑ δ v1,λ1

δ v2 ,λ2
= C ν1,ν2 ,t( )

R!#CS!#O�M�6=��CG
 "E	�B9D53<DN>

2 2S��M�6LC�E�L3

J?A 2

<DN>2 8�'<H93

;MJK2 I�K'@3

C ν1,ν2 ,t( ) = εC ν2 ,ν1,t( ) C ν2 ,ν1,t( ) = εC ν1,ν2 ,t( )
ε 2 = 1 ε = ±1

C ν1,ν2 ,t( ) = ±C ν2 ,ν1,t( )
Ψ(r1,r2;t) = ±Ψ(r2 ,r1;t)

��O�M�6A��O-(2

ϕν1
*(r)ϕν2

*(r ')∫∫ Ψ(r ',r)drdr ' = ϕν1
*(r)ϕν2

*(r ')∫∫ C λ1,λ2 ,t( )
λ1,λ1
∑ ϕλ1

(r ')ϕλ2
(r)drdr '

= C λ1,λ2 ,t( )
λ1,λ2
∑ δ v1,λ2

δ v2 ,λ1
= C ν2 ,ν1,t( )
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XHermite*3�?�&�X
�0>!X+1V�L] W�&>!@
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:*3� C\@

C ν1,ν2 ,t( ) = ±C ν2 ,ν1,t( ) Ψ(r1,r2;t) = ±Ψ(r2 ,r1;t)

�14�5V�KS"KI�`O(�

A�14�W)	>!aYNX86��bX4��'aYNX4�W+���<�!b

VRDS�0G?
�0TC]@B

�0�?
�0�X4��&W�9 $=.V��

P12Ψ(r1,r2;t) = Ψ(r2 ,r1;t) P12Ψ(r2 ,r1;t) = Ψ(r1,r2;t) P12
2 = 1

P12 ±1
P12 P12

P12
−1 = P21

X+� Wc,/Ud,/W4��!_�\%ENZW@�#?

? X WcUd_�\%ENZWOG[?

XHVFDScUd_�\%ENZW@UJ^T WXM@�QS

H�\2R@RY\ U X� �7@�QS X;	W�!@

$=-� V�KS H�\2R@

P12HΨ HΨ
P12HΨ = P12HP12

−1 P12Ψ( ) P12Ψ Ψ H ' = P12HP12
−1

H ' = H HP12 = P12H
H P12 P12

 Ψ(t) = e
− iHt /Ψ(t0 )  P12Ψ(t) = e

− iHt /P12Ψ(t0 )
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(�!�8V�HMH��2��'H��I2 2

@7P2��8a2��8bHKEBH!�<7��<F53

�'F��I2��8a2��8b2��a2��bHW.QH!�8��3
�'�GOQ0�!�8$FR3��(�H��IX.QH!�84R3

-��+�I�	/�H�'�2��'�G��<2��,GIF5 $F

0�!�S#M�>3

C ν1,ν2 ,t( ) ν1 = ν2 C ν1,ν2 ,t( ) = 0
ν1 Ψ(r1,r1;t) = 0

C a,b,t( ) = −C b,a,t( )
C a,a,t( ) = C b,b,t( ) = 0

V(�)H��
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XY`��3XJ

XY`�3Y��PL`K
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 Ψ(r1,r2 ,…, rN ;t) = 0 ri rj
 Ψ(…ri ,…rj…) = −Ψ(…rj ,…ri…)  Ψ(…ri ,…rj…) = Ψ(…rj ,…ri…)

�9[ @b#U^[hhhhh Fermi5�Jfermion
�9[ @b#U^[hhhhh Bose5�Jboson

fermion\�U[."Zj�[5�TO	aYMK
Pauli[$��KFermi-Dirac8<K

boson\�U[."Z��W^	`RXP�)`K
Bose-Einstein8<K

fermion....G�JF�J� �Jμ�D�
hhh@B%P�%[��+Kcde;A�BP�&%K

boson.....��Jπ�D�
hhh@B%P�%[��+Kcde;A�BPfi^�]Vg&%K

Ra_[/0[�/1='ZUMV\J2�?1�[B�?W�CSa`K

H2�?1B��[*
W\JR[�/\7I1:>XTV�Q	a`K
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N�9��-=7? 9��'�(	��'�

N�9��-=7? 9��'� :�$8��'�5;

	��'�5;7*)
 Ψ(r1,r2 ,…, rN ;t)

[��'�9�>�]

 
Ψ(S ) (r1,r2 ,…, rN ;t) =

C
N!

P
P
∑ Ψ(r1,r2 ,…, rN ;t)

C:%����(P8'0?�:N�9��9N!�9
#7�49"�83*49�)

[	��'�9�>�]

 
Ψ(A) (r1,r2 ,…, rN ;t) =

C
N!

(−1)P P
P
∑ Ψ(r1,r2 ,…, rN ;t)

9��:(��9!A�@�,?6.B�9��9��9�@�,-=

�24*1=�(��7=&67?<+8�/4*?)��B�9��8:

(−1)P

Ψ(S ) (r1,r2;t) =
C
2!

Ψ(r1,r2 ,t)+Ψ(r2 ,r1,t){ }

Ψ(A) (r1,r2;t) =
C
2!

Ψ(r1,r2 ,t)−Ψ(r2 ,r1,t){ }
11
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0"Hamiltonian�:�	,���� +��"%��)567�� +

��"%��,�(� 2*1 8q-567��0�/%��9-
) ,�(�!32�

(r1,r2 ) (σ 1,σ 2 )
Ψ(q1,q2;t)

ϕ(r1,r2 ) χ(σ 1,σ 2 )

Ψ(q1,q2;t) =ϕ(r1,r2;t)χ(σ 1,σ 2 )

) ,#3$3+&�',��,�3��+
"'
�)�
��

�2�� ��
�(�2%/+-�

�
�*1 -�
��

��
�*1 -
��(* 3.*1*��

ϕ(r1,r2 ) χ(σ 1,σ 2 )
Ψ(q1,q2;t)

ϕ(r1,r2 ) χ(σ 1,σ 2 )
ϕ(r1,r2 ) χ(σ 1,σ 2 )
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% 3. ���� �

��$<����+��7,@��:�C�*@'

N�<����+&(@�!<��IGLFJKV<��<�;��;"	
.6)@80@'

 H = H1 + H 2 ++ HN
 
Hi = − 

2

2m
Δ i +V (qi )

34.m=��<�#'m& =9<��;�.6?�/'

1A2A<��;�.6 +��0@8.&

V (qi )
Hiϕν (qi ) = Eνϕν (qi )

 Ψm,n,r (q1,q2 ,…qN ) =ϕm (q1)ϕn (q2 )ϕr (qN ) (1)

��<DHKEM=  E = Em + En ++ Er

)><8-B(1)=��;?
��;?:56):)'
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[Bose��5��]

 ��5�(m, n, …r)=��*/"��=��,;� 4�*/��3

�/5��=82(*/N!�5!�5
=�<79$#
 (q1,q2 ,…qN )

 
Ψ(S )

m,n,…r (q1,q2 ,…qN ) =
C
N!

P
P
∑ ϕm (q1)ϕn (q2 )ϕr (qN ){ }

�%7@���5��-1

 

Ψ(S )
m,n,…r (q1,q2 ,q3) =

C
3!

ϕm (q1)ϕn (q2 )ϕr (q3)+ϕm (q1)ϕn (q3)ϕr (q2 )[
+ϕm (q2 )ϕn (q1)ϕr (q3)+ϕm (q2 )ϕn (q3)ϕr (q1)
+ϕm (q3)ϕn (q1)ϕr (q2 )+ϕm (q3)ϕn (q2 )ϕr (q1)]

��!� 5�0����'�)<;# ��4.$/6���4�*/�	+

Hamiltonian350"�&: 1,;#

ϕν (qi )

 k1,k2 ,k∞

>��"?��5��5 ��k2'"@��5��5 ��'k45��#

Ψ(S )
k2 ,k2 ,k4

(q1,q2 ,q3) =
C
3!

ϕk2
(q1)ϕk2

(q2 )+ϕk2
(q2 )ϕk2

(q1){ }ϕk4
(q3)⎡⎣

+ ϕk2
(q1)ϕk2

(q3)+ϕk2
(q3)ϕk2

(q1){ }ϕk4
(q2 )

+ ϕk2
(q2 )ϕk2

(q3)+ϕk2
(q3)ϕk2

(q2 ){ }ϕk4
(q1)⎤⎦ 14



:H��R�PGI,��6k2H�R
P$�� (n2=2) G#;2�-�D/
,��6 k4 H�R
P$�� (n4=1)G#;2�-�H!
RDO/"�GW�H��R�'F.�C�7*L�4QJM20

ϕk2
( )ϕk2

( )ϕk4
( )

EH$�6/EH��G1P5I-�F8/,��H�H%H=Q>QH�R
P

$�H��/ R��<P?9C�KPS n1,n2 ,n∞

�(�Tnumber representation)

)�	��CI
MO��0

 
Ψ(S )

m,n,…r (q1,q2 ,…qN )
*Ψ(S )

m,n,…r (q1,q2 ,…qN )∫ dq1dq2dqN = 1

 
Ψ(S )

m,n,…r (q1,q2 ,…qN ) =
1

N!n1!n2 !n∞!
P

P
∑ ϕm (q1)ϕn (q2 )ϕr (qN ){ }

� �GM@BI

DF@B2P6/:QNH+2I/�4JUAH��GV�H$�6I2@B2P��/

�&I �&I

D23�7�R;B2P0

 
Ψ(S )

m,n,…r (q1,q2 ,…qN ) =
N!

n1!n2 !n∞!
P

P
∑ ϕm (q1)ϕn (q2 )ϕr (qN ){ }

 

2!
2!⋅0!⋅0!

ϕ1(q1)ϕ1(q2 )
 

1
2!⋅2!⋅0!⋅0!

ϕ1(q1)ϕ1(q2 )+ϕ1(q2 )ϕ1(q1){ }

15



�� Ψ(S )
m,n (q1,q2 ) =

1
2

ϕm (q1)ϕn (q2 )+ϕm (q2 )ϕn (q1){ }

m = n %!��Ψ(S )
k,k (q1,q2 ) =

1
!2!⋅0!⋅!2!!0!

ϕk (q1)ϕk (q2 )+ϕk (q2 )ϕk (q1){ } =ϕk (q1)ϕk (q2 )

Bose�
&��%��$�� '�(�!� �(�
���#��(!Bose-Einstein���

[Fermi�
%	�]

 
Ψ(A)

m,n,…r (q1,q2 ,…qN ) =
N!

n1!n2 !n∞!
(−1)P P

P
∑ ϕm (q1)ϕn (q2 )ϕr (qN ){ } (2)

,�
�%!��

 

Ψ(A)
m,n,…r (q1,q2 ,q3) =

C
3!

ϕm (q1)ϕn (q2 )ϕr (q3)−ϕm (q1)ϕn (q3)ϕr (q2 )[
−ϕm (q2 )ϕn (q1)ϕr (q3)+ϕm (q2 )ϕn (q3)ϕr (q1)
+ϕm (q3)ϕn (q1)ϕr (q2 )−ϕm (q3)ϕn (q2 )ϕr (q1)]

,�%�
%��")�+�����!*$#(�
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�$B�(2)>m, n, ...., rC3<@H4P�C
G�5"92?6(2)D00
Fermi#�D��C �B:4;4O�94�9�A20

PauliC���

��JKL �B1G.�D��)*�B:;�=0

M7C:E�(BD��C�6851G0N

'����CI�EG?/(2)D

 

Ψ(A)
m,n,…r (q1,q2 ,…qN ) =

1
N!

ϕm (q1)ϕm (q2 )ϕm (qN )
ϕn (q1) ϕn (q2 ) ϕn (qN )
   

ϕr (q1) ϕr (q2 ) ϕr (qN )

Slater%��

P�C,� �5"92?0BAG0

�$B#�C��-�B+AF�2CA2�D�!�/	�!�C�&DA20
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6 4. \_T^�
4�Hf�H�=>H�4-H��E�BH4�;OFQ8

 
H = − 

2

2m
Δ1 −

2e2

r1

⎛

⎝⎜
⎞

⎠⎟
+ − 

2

2m
Δ2 −

2e2

r2

⎛

⎝⎜
⎞

⎠⎟
+ e

2

r12

r1, r2I�4�H ;OH�+]WY`8r12= |r2 – r1| 

HΨ = EΨ

Ψ =ϕ(r1,r2 )χ

S��E?CUZ`Vb��	S�KQ8

c%��#S��G@QHI,9/�DIF9<7!"$�
<�M@98d

5��(H��2� 7UZ`Vb��	 I�)�H�&�

H.NP 7 D�:ORQ8

nI(n, l, m)SJEKALH8

e2 / r12

ϕ (0)(r1,r2 ) E (0)

 
− 

2

2m
Δ − 2e

2

r
⎛
⎝⎜

⎞
⎠⎟
ϕn (r) = Enϕn (r)

ϕ (0)(r1,r2 ) =ϕn (r1)ϕn ' (r2 ) E (0) = En + En '

HE=7r1E r2S��?ALHL��2�c��*0d

'e/�DI7

n ≠ n '

ϕ (0)(r1,r2 ) = aϕn (r1)ϕn ' (r2 )+ bϕn (r2 )ϕn ' (r1) 18
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E = E (0) + λE (1) ϕ =ϕ (0) + λϕ (1)

H 0 + λV( ) ϕ (0) + λϕ (1)( ) = E (0) + λE (1)( ) ϕ (0) + λϕ (1)( )
λ������!��

H 0ϕ
(1) +Vϕ (0) = E (0)ϕ (1) + E (1)ϕ (0)

H 0 − E
(0)( )ϕ (1) = E (1) −V( )ϕ (0)

	�# &������%� "$ϕn
*(r1)ϕn '

*(r2 ) ϕn (r1)ϕn '(r2 ) H 0 = E
(0) ϕn (r1)ϕn '(r2 )

E (0) − E (0)( ) ϕn (r1)ϕn '(r2 ) ϕ
(1) (r1,r2 )

= E (1) ϕn (r1)ϕn '(r2 ) aϕn (r1)ϕn ' (r2 )+ bϕn (r2 )ϕn ' (r1)

− ϕn (r1)ϕn '(r2 ) V aϕn (r1)ϕn ' (r2 )+ bϕn (r2 )ϕn ' (r1)

∴E (1)a − ϕn (r1)ϕn '(r2 ) V ϕn (r1)ϕn ' (r2 ) a

− ϕn (r1)ϕn '(r2 ) V ϕn (r2 )ϕn ' (r1) b = 0

��� &������ϕn
*(r2 )ϕn '

*(r1)

E (1)b − ϕn (r2 )ϕn '(r1) V ϕn (r1)ϕn ' (r2 ) a

− ϕn (r2 )ϕn '(r1) V ϕn (r2 )ϕn ' (r1) b = 0 19



�(-+,&)*'-� ���&)*'-

Jn,n ' = ϕn (r1)∫
2 e2

r12
ϕn ' (r2 )

2 dr1dr2

Kn,n ' = ϕn
*(r1)∫ ϕn '(r1)

e2

r12
ϕn '
*(r2 )ϕn (r2 )dr1dr2

����

E (1) − Jn,n ' −Kn,n '

−Kn ',n E (1) − Jn ',n

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

a
b

⎛
⎝⎜

⎞
⎠⎟
= 0

�"�� Jn,n ' = Jn ',n Kn,n ' = Kn ',n

Jn,n ' Kn,n '

ρ(r1) = e ϕn
*(r1)∫ ϕn '(r1) ���� � �����Φ(r2 ) = e dr1ρ(r1) / r

12∫ ΔΦ(r) = −4πρ(r)

Kn,n ' = Φ(r)∫ ρ*(r)dr = − 1
4π

Φ(r)Δ∫ Φ*(r)dr = 1
4π

gradΦ(r) 2∫ dr ≥ 0

��$�� �	�Kn,n '

�
�!#

a
b

⎛
⎝⎜

⎞
⎠⎟
�������%������

E (1) − Jn,n ' −Kn,n '

−Kn ',n E (1) − Jn ',n
= 0

20



∴ E (1) = Jn,n ' ± Kn,n '

a
b

⎛
⎝⎜

⎞
⎠⎟
=

a
±a

⎛
⎝⎜

⎞
⎠⎟

�����2��)0,��=��.	�!�/

ϕ±
(0)(r1,r2 ) =

1
2

ϕn (r1)ϕn ' (r2 )±ϕn ' (r1)ϕn (r2 ){ }

*1+1.3684:	��/

E = E (0) + E (1) = En + En ' + Jn,n ' ± Kn,n '

�-579!� χ 2�&0%
?"��.��579S=S1+S2.S2,Sz.��	�!�%

j = 0, m = 0.,'$

χ0,0 =
1
2

α1β2 − β1α 2( ) ← "�.579
�.�1�&-�(���;> ��<

j = 1, m = 0, #1.,'$

χ1,1 =α1α 2 , χ1,0 =
1
2

α1β2 + β1α 2( ), χ1,−1 = β1β2
��

21



��+����,��+�0��*	$&�	�'�/"(-.

n = n’+( �	�)����,

n ≠ n’+( ,

Ψ(A) =ϕn (r1)ϕn (r2 )χ0,0

ΨP
(A) = 1

2
ϕn (r1)ϕn ' (r2 )+ϕn ' (r1)ϕn (r2 ){ }χ0,0

ΨO
(A) = 1

2
ϕn (r1)ϕn ' (r2 )−ϕn ' (r1)ϕn (r2 ){ }×

χ1,1
χ1,0
χ1,−1

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

E = En + En ' + Jn,n ' + Kn,n '

E = En + En ' + Jn,n ' − Kn,n '

← 34��

← 152��

152�� → �����	� → 6�+����%�&�/���
#!
Coulomb����)��

22



8 5. Hartree – FockK1�
�6���K�7: ← �	 H.A:

N�K6�QM��KHamiltonian

 
H = − 

2

2m
Δ i −

Ze2

ri

⎛
⎝⎜

⎞
⎠⎟
+ e2

riji> j
∑

i=1

N

∑ (3)

CK*K��4�@%�EGN�K-��DPG!�4�?N�NPOSlater+
�
?N�=NPOI��FO:U"(6�1�V

 

Ψ = 1
N!

ϕ1(q1) ϕ1(q2 ) ϕ1(qN )
ϕ2 (q1) ϕ2 (q2 ) ϕ2 (qN )
   

ϕN (q1)ϕN (q2 )ϕN (qN )

(4)

qiLi#$K'3��IRST��K��Q,F: LRST4�I024�K&:

(4)K!�J>BO(3)K���Q/)FOI9
ϕi

 

H = ϕ i
*(q1) − !

2

2m
Δ1 −

Ze2

r1

⎛
⎝⎜

⎞
⎠⎟∫ ϕ i (q1)dq1 +

1
2

' ϕ i (q1)
2 e2

r12
ϕ j (q2 )

2

∫∫
i, j
∑

i=1

N

∑ dq1dq2

− 1
2

' ϕ i
*(q1)ϕ j

*(q2 )
e2

r12
ϕ i (q2 )ϕ j (q1)dq1 dq2∫∫

i, j
∑ '∑ Li = j L5AI;<��

23



E�@M0#(�"�

O�"�E7 O$�E@MJ;E�9F EA:B&+E

��O
M8

�2,Y6' → 5�3FCoulomb*�
,Z6' → ��*� → �/QSWO�A5�3CFH��8

	�/QSWF�G(��=K%<M8

ϕi

ϕi
*(q1)ϕ j (q1)∫ dq1 = δ ij H ϕi

F��O
M8��4�G(�?B:MIF

D?BλG�1��FH
L�NM8 EA:B&+E��O
MD7

I = H − λi
i=1

N

∑ ϕi
*(q1)ϕi (q1)∫ dq1 −1{ }

ϕi

H (1)ϕi (q1)+ ϕ j (q2 )
2

∫
e2

r12
dq2

⎧
⎨
⎩

⎫
⎬
⎭
ϕi (q1)− ϕ j

*(q2 )∫ ϕi (q2 )
e2

r12
dq2

⎧
⎨
⎩

⎫
⎬
⎭
ϕ j (q1)

j
∑ −λi

j
∑ ϕi (q1) = 0

�/QSW

Hartree-FockF )�

λiGLagrangeF!���

G,YF5�F5.��>,XF5�F�-E�M

CoulombTRWPUV8

ϕ j (q2 )
2 e2

r12
dq2∫

24



�U&RRRRR���	( 0=&>4=??9>�*<.*-'0GI�*B3*C+

<�=C+;#���E�*I!+(

I,/8�2A=9
F:'ϕi
*(q1)ϕi (q1)

−e2
ϕ j
*(q2 )∫ ϕi

*(q1)ϕi (q2 )ϕ j (q1)
1
r12
dq2

ϕi
*(q1)ϕi (q1)j

∑
⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

ϕi (q1)

=��>�T=%�=��r2<�15% ��

← ��% ��

-�S=%�=�� r1<�FLKOJMNP��LKOJMNQ(

ϕi (q1)

−e
ϕ j
*(q2 )ϕi

*(q1)ϕi (q2 )ϕ j (q1)
ϕi
*(q1)ϕi (q1)j

∑

0G>�,D"0+:18*F��i<��18*F-'i<C68)?E�HD;*
:18��I�F(

I$@:18�8=i <7*8�� (ϕi
*(q1)ϕi (q1) / ϕk

*(q1)ϕk (q1)
k
∑

−e
ϕ j
*(q2 )ϕi

*(q1)ϕi (q2 )ϕ j (q1)
j
∑

i
∑

ϕk
*(q1)ϕk (q1)

k
∑ 25



Fermi��CH<T0'9�WYM	:`9�7 N JI?H:

N�8L3,�/; V=AHq2LG<H+�ETJ: :

ρN$(ET&�iMY[_J
D�?MY[_V�G9�M��;

��\Z_X]^V JET�<VSlater4�J�O;

BULQSHartree - FockM!*�V

M�L"AT; 0�%�)

N L��ETBJL$�;

ϕi
1
V
eik⋅r

i
∑ ,

j
∑ ,

k
∑ e2

r12
−3e2 3

4π
⎛
⎝⎜

⎞
⎠⎟
1/3

ρ1/3

−3e2 3
4π

⎛
⎝⎜

⎞
⎠⎟
1/3

ρ1/3

 
− 

2

2m
Δ i −

Ze2

ri
+Vi (ri )

⎛
⎝⎜

⎞
⎠⎟
ϕi (ri ) = εϕi (ri ) (5)

Vi (ri ) ϕi (ri )

JCH6�K\Z_X]^ V��C:�(5)V2@;�RUF I V�S:

PF(5)V2@;BUV.S5C:��CF J�RUF >�1ETPI-AT;

Vi Vi
(0) ϕi Vi

(1)

Vi Vi

self-consistent fieldM!#
26



78 39��(�-�8�01,9+

( >>>&	'� �* >>>�!� �=

II>��'�
�

) 1. %��	�5$��#�
���%��	�5��*�(�;$�� 478�69��+<"��?=

H = 1
2m

p̂2 + mω
2

2
x̂2 p̂ x̂

 
x̂ = 

mω
Q̂, p̂ = mω P̂ 39��478

 
H = 1

2
ω P̂2 + Q̂2( )

 
p̂ = 

i
∂
∂x̂  

p̂x̂ − x̂p̂{ } = 
i

.:78 Q̂, P̂⎡⎣ ⎤⎦ = i

..2� � ;��/9+a = 1
2
Q̂ + iP̂( ), a† = 1

2
Q̂ − iP̂( )

27



*$3*� )�3!*5��#(

a, a† ,���- a, a†⎡⎣ ⎤⎦ = 1

�+��( P̂ = 1
2i

a − a†( ), Q̂ = 1
2
a + a†( )

!402 ��&(P̂2 + Q̂2 = 2a†a +1

 
H = 1

2
ω + ωa†a

	
��,��������

a, a† ,���,/�1�,!*5�$!* ��3�

���"4%	
��,����5 ����5E0*$3�ϕ0

Hϕ0 = E0ϕ0

ϕ ' = aϕ0 a†a = aa† −1

 

Hϕ ' = 1
2
ω + ωa†a⎛

⎝⎜
⎞
⎠⎟ aϕ0 =

1
2
ωa + ωaa†a − ωa⎛

⎝⎜
⎞
⎠⎟ϕ0

= aH − ωa( )ϕ0 = E0aϕ0 − ωaϕ0 = E0 − ω( )ϕ '
'.2  Hϕ ' = E0 − ω( )ϕ '

28



$H0����."

�,$ "�/'����$aϕ ' =ϕ ''  Hϕ '' = E0 − 2ω( )ϕ ''
"�/'����$aϕ '' =ϕ '''  Hϕ ''' = E0 − 3ω( )ϕ '''

. .
 .

. .
 .

�%+�$���,)��13425�
���,/.��E0 &	�%�
�
��, ��-�#��*�$ !#�/'#,#�� E0 − ω aϕ0 =ϕ ' ≡ 0

�$E00(.�

ϕ0�$ $ 0����.� →
 

1
2
ω + ωa†a⎛

⎝⎜
⎞
⎠⎟ϕ0 =

1
2
ωϕ0 ∴E0 =

1
2
ω

a† a†ϕ0 =ϕ1
ϕ1

 

Hϕ1 = ω
1
2
+ a†a⎛

⎝⎜
⎞
⎠⎟ a

†ϕ0 = a
†ω 1

2
+ aa†⎛

⎝⎜
⎞
⎠⎟ϕ0

= a†ω 1
2
+ a†a +1⎛

⎝⎜
⎞
⎠⎟ϕ0 = a

† H + ω( )ϕ0

= a† E0 + ω( )ϕ0 =
3
2
ωϕ1

∴ ϕ1 &�
��!�
�&  

3
2
ω

��$� )�
��!�
�&a†ϕ1 = a†( )2ϕ0
 

5
2
ω 29



)%. :;=><?�
 #n���(8��/'-�
/��(8� 0! 3���&9- 8/(8�

��0��:�7- $4 3����.���#

.�8%/#�"8�

a†( )nϕ0
 

1
2
+ n⎛

⎝⎜
⎞
⎠⎟ ω

 
a†aϕn =

1
ω

H − 1
2
ω⎛

⎝⎜
⎞
⎠⎟ϕn =

1
ω

1
2
+ n⎛

⎝⎜
⎞
⎠⎟ ω − 1

2
ω⎧

⎨
⎩

⎫
⎬
⎭
ϕn = nϕn6*�

+-���
 2��� 2���3n
@ AAAnumber operator)

a†a ϕn

a†a

ϕn  ω
ϕn = n n

&-��8��1 :"$8/;=><?�
25/,�0 ��1�

AAAAAA 5/,	 AAAA108�

a
a†

a n = cn n −1 /(8/�

cn+1
2 n +1 n +1 = n aa† n = n a†a +1( ) n = n +1

∴ cn
2 = n cn = n

cn
2 n −1 n −1 = n a†a n = n n n = n

∴ cn+1
2 = n +1 cn+1 = n +1

∴a n = n n −1

��1 /(8/a† n = cn+1 n +1

∴a† n = n +1 n +1
30



����	

 

∴ n = 1
n
a† n −1 = 1

n
1
n −1

a†( )2 n − 2 = 1
n

1
n −1

1
n − 2

a†( )3 n − 3

=  = 1
n!

a†( )n 0

H = !ω 1
2
+ a†a⎛

⎝⎜
⎞
⎠⎟ , a, a†⎡⎣ ⎤⎦ =1

�����������
������

 

H n = ω 1
2
+ n⎛

⎝⎜
⎞
⎠⎟ n

H 0 = 1
2
ω 0 a†a n = n n

a n = n n −1

a† n = n +1 n +1 n = 1
n!

a†( )n 0

��
n −1 a n = n

n +1 a† n = n +1

⎧
⎨
⎪

⎩⎪
31



����4 #�&4 0�(5$

����3!����

=��!����'N�3
4=N���

H = 1
2mi

p̂i
2 + ω i

2

2mi

x̂i
2⎧

⎨
⎩

⎫
⎬
⎭i

∑

 
H = ω i

1
2
+ ai

†ai
⎛
⎝⎜

⎞
⎠⎟i

∑

ai =
1
2
Q̂i + iP̂i( ), ai

† = 1
2
Q̂i − iP̂i( ) 0��*50

9+,)# /%50*5$:
 
x̂i =


miω i

Q̂i , p̂i = miω i P̂i

H'	���3"�3�/�(.&.#����'1&0*50	���9786:
2-&.

0�(#��� #���� 015$
 
Hi ni = ω i

1
2
+ nii

⎛
⎝⎜

⎞
⎠⎟ ni

 ω i 1/ 2 + nii( ) ni

���37863��'n1#<��'n2#=��'n3#;;;0*50#� 3

 n1 n2 n3   n1, n2 , n3,!

32



�&5!  as n1, n2, ns , = ns n1, n2, ns −1,

����31$Bose�
�=��/�*,83"

Fermi�
�3	�4���(���/#:)0=�,+,7��3
��!����
4�����=�,*.$:0+:"+1<-!

6,!

cick
† + ck

†ci = δ ik ci , ck
†{ } = δ ik( ), ci , ck{ } = ci

†, ck
†{ } = 0

ck nk = nk nk −1 = nk nk −1( ), ck
† nk = 1− nk nk +1 = 1− nk( ) nk +1( )

nk4?'>2 9;.$:3/)%�$.8�$"

33



��

 

ck n1, n2, nk ,

= ck c1
†( )n1 c2†( )n2 c†k−1( )nk−1 0, 0,nk , nk+1

= −1( )n1+ n2++nk−1 c1
†( )n1 c2†( )n2 c†k−1( )nk−1 ck 0, 0,nk , nk+1

= −1( )n1+ n2++nk−1 nk c1
†( )n1 c2†( )n2 c†k−1( )nk−1 0, 0,nk −1, nk+1

= −1( )n1+ n2++nk−1 nk n1, n2, nk −1,

nk = 0 �	��  ck n1, n2, 0(k ), = 0

��
��

 ck
† n1, n2, nk , = −1( )n1+ n2++nk−1 1− nk( ) n1, n2, nk +1,

 
ck
† n1, n2, 1 k( ), = 0nk = 1 �	���

34



0 1. Bose#�
,�	�GM1IL#�8IL��K3S7M��8J:1@TATL,���V

�EL#�8PS71>JUD1n1, n2, ..., n∞V��>SC;G�OSW

�) (number representation)

�#��8NG1�#��� VPS#��8n1, n2, …G3SQ5J��
L��-�V G)>H1#�L�T�6K�=F�!�=F=F

 ϕ1, ϕ2 ,

 Φn1, n2

 

Φn1, n2
= 1

N!⋅n1!⋅n2 !
P ϕm (q1)ϕn (q2 )ϕr (qN )[ ]

P
∑

= n1,n2 ,

LQ5K�6RTS2BC=1  n1 + n2 + = N

<LQ5J�!�=B��-�V�4F1�"�L(�*$V+">SLM�'K

.�K
	84S2(Hartree-FockL+"G%/=B2X
��M�#���K��L#�8�S7C;G��G9SLG3TN1�!�=B

��-�JI�U?K�) L&6�C;G(�*$V+"G9J472

35



-1"+��-���-	-
�)�#(02!

F (1) = f (1)(qa )
a=1

N

∑
4444�#/ -�5��!

 
H = − 

2

2m
Δ i −

Ze2

ri

⎛
⎝⎜

⎞
⎠⎟
+ e2

riji> j
∑

i=1

N

∑

 Φn1, n2 3��*%'*$-F
(1)-����3��%1"!

����.

�����.

�� *��&2!

 
n1,n2 , F (1) n1,n2 , = ni ϕi

*(q)∫ f (1)
i
∑ ϕi (q)dτ q

 
n1,n2 ,ni +1,nk −1, F (1) n1,n2 ,ni ,nk , = ni +1( )nk ϕi

*(q)∫ f (1)ϕk (q)dτ q

ϕi
*(q)∫ f (1)ϕk (q)dτ q = fik

(1)

6���-
�)���,   

3��%(01"!

��. �,   

300 f (1)(qa )
a=1

3

∑ 300 210 f (1)(qa )
a=1

3

∑ 210

300 f (1)(qa )
a=1

3

∑ 210

f (1)11 × 3 (2!/ 3!) f (1)11 × 2 + f (1)22 ×1{ }× 3 = f (1)11 × 2 + f (1)22 ×1

2!/ 3! f (1)12 + f (1)12 + f (1)12{ } = 3 f (1)12 36



i!"A�� K�D<0I%
A�K�;�G8:H-

	E8:H9I�$
K�9I.���$
(annihilation operator) -

���$
(creation operator) 

ϕi

ai
†

ai

 ai n1,n2 ,ni , = ni n1,n2 ,ni −1,

 ai
† n1,n2 ,ni , = ni +1 n1,n2 ,ni +1,

(6)

(7)

��=�'7J:�$
 K 0I>-�$
F(1)B�AF1@�56>3��Iai , ai
†

F (1) = fik
(1)ai

†ak
i,k
∑

�,@(�)&K*$8<CI>#+=4I.

L(�)&A*$3��@�@?I6>3�2I.M

(6), (7)2G

aiai
† n1,n2,!ni,! = ni +1( ) n1,n2,!ni,!

 ai
†ai n1,n2 ,ni , = ni n1,n2 ,ni ,

��2G��K�0<

6A6>2G- B

K�:9�$
=/I6>3�2I.

aiai
† − ai

†ai( ) n1,n2,!ni,! =1× n1,n2,!ni,!
ai
†, ai

aiai
† − ai

†ai = 1

37



>�$��9GHI��=��E!0'��>GHI��<6)7=�A
	F8)CA=91C(

��<07�=B*;��%�-�,C(

ai , ak
†⎡⎣ ⎤⎦ = aiak

† − ak
†ai = δ ik

ai , ak⎡⎣ ⎤⎦ = ai
†, ak

†⎡⎣ ⎤⎦ = 0

⎧
⎨
⎪

⎩⎪
← boson<�1C��%�

ai , ak
†⎡⎣ ⎤⎦ E��9
@(

 Φn1,n2 ,
= n1,n2 , >�� =��%�(���>2D3Dni+1, ni(
>bose�<�1C���(number operator)

aiai
†, ai

†ai
aiai

†, ai
†ai

K6=�=��<%�04��= �"�>:=B*<#�8.C,(

F (2) = f (2)(qa , qb )
b=1

N

∑
a=1

N

∑
JJJJ�+? =�K&�(

 
H = − 

2

2m
Δ i −

Ze2

ri

⎛
⎝⎜

⎞
⎠⎟
+ e2

riji> j
∑

i=1

N

∑
boson=��E�)7�=B*<!1/9-8.C(

F (2) = fiklm
(2)ai

†ak
†alam

i,k ,l ,m
∑ 450' fiklm

(2) = ϕi
*(qa )∫ ϕk

*(qb ) f
(2) qa , qb( )ϕl (qb )ϕm(qa )dτ qadτ qb

qa , qb

38



�2Hamiltonian'����/����21�(-$6/*6"

H = H (1) qa( ) + V (2) qa , qb( )
a,b
∑

a
∑

�:��
2��.3

H = Hik
(1)ai

†ak + Viklm
(2)ai

†a†kal am
i,k ,l ,m
∑

i,k
∑

+,)! H (1)
ik = ϕi

* q( )H (1) q( )∫ ϕk q( )dτ q
Viklm
(2) = ϕi

* qa( )ϕk
* qb( )V (2) qa , qb( )∫ ϕl qb( )ϕm qa( )dτ qadτ qb

 2. Fermi��

Fermi��&506�.3!��2�	��3��2�7�%1�)-���
.0(74050$"

 
Φn1, n2

= n1,n2 , = 1
N!

(−1)P P ϕm (q1)ϕn (q2 )ϕr (qN )[ ]
P
∑ ← Slater���

Fermi��.#6&5���(ocupation number) 39&82�)&0$" n1,n2 ,
39



←  !�� ← φ1@J�#�2�8.�A��@B
#�2?0/

 0,0,0,  1,0,0,

���"�A'�)$B�AE1@?F/

�*)$B

-�*)$B

 
n1,n2 , F (1) n1,n2 , = fii

(1)ni
i
∑

 n1,n2 ,, ni = 1,, nk = 0, F (1) n1,n2 ,, ni = 0,, nk = 1, = ± fik
(1)

(
Bi��A��>k��A��A+A��I�DF#�A%�2��A�B+.
��A�B-I	FE1@9F/

Bose#�A>3>��.�AE1?�"�I��9F/

 ci n1,n2 ,ni , = ni (−1)
nj

j<i
∑

n1,n2 ,ni −1,

 ci
† n1,n2 ,ni , = 1− ni (−1)

nj
j<i
∑

n1,n2 ,ni +1,

66=�&7G:�"� I�0F>.�"�F(1)BbosonA��>��@
�46>2=3F/9?H;.

ci , ci
†

F (1) = fik
(1)ci

†ck
i,k
∑

F (2) = fiklm
(2)ci

†ck
†clcm

i,k ,l ,m
∑C:K�A�"�@,8<B

>�5F/ 40



��� 0���=�3+58��ci
†, ck

 

cici
† n1,n2 ,ni , =

1× n1,n2 ,ni , when ni = 0

0 × n1,n2 ,ni , when ni = 1

⎧
⎨
⎪

⎩⎪

ci
†ci n1,n2 ,ni , =

0 × n1,n2 ,ni , when ni = 0

1× n1,n2 ,ni , when ni = 1

⎧
⎨
⎪

⎩⎪

 cici
† + ci

†ci{ } n1,n2 ,ni , = 1× n1,n2 ,ni ,

cici
† + ci

†ci = 1
ci , ci

†{ }
ci , ck

†{ } = cick† + ck†ci = δ ik

ci , ck{ } = ci
†, ck

†{ } = 0
⎧
⎨
⎪

⎩⎪

�?
,i = k-�#- $;1�*0��/�&+?*0��=

��,".�$-=�&+�:�

ci
†ci
† = ci

†
i( )2 = 0.

,�: 9�ni!0,7>,7	/

,�:�'.<)� 0��!	/�(%;+�:�$0
0��=

-�"���-�2�fermion0����=4-6:-�

41



% 3. �6���?field operator)
Bose��&Fermi��.</<5�,1��5�-;�6:)4���>�!-;'

ΨB x( ) = aiϕi
i
∑ x( ), ΨB

† x( ) = ai
†ϕi

i
∑ * x( )

ΨF x( ) = ciϕi
i
∑ x( ), ΨF

† x( ) = ci
†ϕi

i
∑ * x( )

>�6���3()'��$�6�#��>c-number3,4(2&
fermion, boson6���3-;�(>�A"��3	9'
7@��"��6��4
� 5=0;'

@��$�6��� 3fermion, boson6���6��$�
>�(<8�6���5�-;�6:)4��$�+�*<;'

Ψ x( ),Ψ† x( )

ϕ *
i x( )ϕi x '( )

i∑ = δ x − x '( )

ΨB x( ), ΨB
† x '( )⎡⎣ ⎤⎦ = δ x − x '( )

ΨB x( ), ΨB x '( )⎡⎣ ⎤⎦ = Ψ†
B x( ), ΨB

† x '( )⎡⎣ ⎤⎦ = 0

ΨF x( ), ΨF
† x '( ){ } = δ x − x '( )

ΨF x( ), ΨF x '( ){ } = Ψ†
F x( ), ΨF

† x '( ){ } = 0
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�x4(+;��5�6� 4 2�+;%,<=���1!.%

��5���5�:�4�'2Bose��5��6

23:$"�5��#�2�/��1�+;,2*�);%

Fermi��5��8	�4

2�+;%

ρ x( ) = δ x − xa( )a∑

ρ x( ) = ϕ *
i xa( )δ x − xa( )∫

i,k
∑ ϕ k xa( )dxaa†iak = ϕ *

i x( )ϕ k x( )a†iak = Ψ†
B

i,k
∑ x( )ΨB x( )

ρ x( ) = Ψ†
F x( )ΨF x( )

	�4-0������5
8�5���=�&0�+;%

Bose���16$

F (1) = fik
(1)ai

†ak
i,k
∑ = ϕ *

i x( ) f (1) x( )∫
i,k
∑ ϕ k x( )dxa†iak = ϕ *

i x( )a†i
i
∑⎛⎝⎜

⎞
⎠⎟
f (1) x( ) ϕ k x( )ak

k
∑⎛⎝⎜

⎞
⎠⎟∫ dx

= Ψ†
B x( ) f (1) x( )ΨB x( )∫ dx

2�)<;%Fermi���18	�%

� 4>�����5
$�7?�����5
6�5���=�&0�59'4

�+;%

F (1) = Ψ† x( ) f (1) x( )Ψ x( )∫ dx, F (2) = Ψ† x1( )Ψ† x2( ) f (2) x1, x2( )Ψ x2( )∫ Ψ x1( )dx1dx2 43



* 4. �"03(���;9��
��V9�8%1!=?A3N�9(�.?7@�9HamiltonianB��$��5
�04<>-+

 
H = − 

2

2m
Δ i +

1
2

e2

ri − rji, j
∑

i=1

N

∑

B��$��5�2+

F(���9 #��'�B��(�8�2@�)�

86@+CDEB�=@6

ϕk r( ) = 1
V
eik⋅r

ϕks q( ) =ϕk r( )χ s σ( ) :CDE
�Bσ603CDE'�χ s σ( )
	9���B/9��B�,4&2@+

Ψ q( ) = ϕk
k,s
∑ r( )χ s σ( )cks

Ψ† q( ) = ϕk
*

k,s
∑ r( )χ s

* σ( )c†ks

⎧

⎨
⎪

⎩
⎪
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Hamiltonian�����

������
�� ��s’=s������χ s '
* σ( )χ s σ( )

σ
∑ = δ s 's

��� � ��������

 
= 2k2

2m
c†kscks

k,s
∑ ≡ ε k( )c†kscks

k,s
∑

Hamiltonian���	��

 

− !
2

2m
Ψ† q( )Δ∫ Ψ q( )dq

= − !
2

2m
c†k 's 'cks

1
V

e− ik '⋅rΔ∫ eik⋅rdr χ s '
* σ( )χ s σ( )

σ
∑

k ',s '
∑

k,s
∑

Δeik⋅r = −k2eik⋅r e− ik '⋅r∫ eik⋅rdr =Vδ k 'k

1
2

Ψ† qi( )Ψ† qj( ) e2

ri − rj
Ψ qj( )Ψ qi( )∫ dqidqj

= 1
2V 2 c†k1s1

s1s2s3s4
∑

k1k2k3k4
∑ c†k2s2ck3s3ck4s4 e− ik1⋅ri e− ik2 ⋅rj e2

ri − rj
eik3⋅rj eik4 ⋅ri dri drj∫

× χ s1
* σ i( )χ s2

* σ j( )χ s3
σ j( )χ s4

σ i( )
σ iσ j

∑
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/01��'��	�*s4=s1, s3=s2'�"���,�
ri, rj&�!,��.�rj&��#'��%ri-rj&��#'��&!,�

ri-rj=r%��%�

����2I1%��3( .Fourier�� #

$�!�

V (r) = e
2

r

��
&)+

��& #��!,
�-)+

e− i k1−k4( )⋅ ri−rj( ) e2

ri − rj
dri e− i k2−k3+k1−k4( )⋅rj drj∫∫

e− i k1−k4( )⋅r e2

r
dr e− i k2−k3+k1−k4( )⋅rj drj∫∫

V (r) = V (k)
k
∑ eik⋅r

V (k) = 1
V

V (r)e− ik⋅r∫ dr = 4πe
2

V
1
k2

I1 = V (k)
k
∑ ei k−k1+k4( )⋅r dr∫ = V (k)

k
∑ δ k,k1−k4V
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I2 = δ k2 − k3 + k1 − k4( )V�B3�4

�,- 3�3�.4 3�35�9 
k1k2k3k4
∑ k4 = k1 − k, k3 = k2 + k1 − k4 = k2 + k

6#2����4 /19 
1
2

V (k)
k
∑ c†k1s1

s1s2
∑

k1k2
∑ c†k2s2ck2+ks2ck1−ks1

��78����	.�*+Hamiltonian4

H = ε k( )c†kscks
k,s
∑ + 1

2
2πe2

k2k
∑ c†k1s1

s1s2
∑

k1k2
∑ c†k2s2ck2+ks2ck1−ks1

<A?@�279
k=A>;��278k1s1, k2s23B�%�

k2+ks2, k1-ks12��):9/�9(/%.&9 

�!k.��):+��%<A?@�27,-037"2��):9$�

�*7'�#-':9 
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III.   "��-!�

# 1. �,/1"��-
	+��

! ", $ = −grad∅ −
1

-

./ ", $

.$
0 ", $ = rot/ ", $

"�! ", $ , ��0 ", $ , 83>A<9@6=?∅, ;4:?<9@6=?/ ", $

���*∅=0, div/ ", $ = 0-5A7

6/ ", $ −
1

-7
.7/ ", $

.$7
= 0 div/ ", $ = 0

Maxwell���/0

/ ", $ =
=

7
>?@AB/ " + c. c. +&'+

6/ " + F7/ " = 0 G = -F

/ " = /H>
@I⋅" /H.�-��2�%1��;4:?

��-�2� K-���+($����2�)+$

FL =
2N

K
OL FP =

2N

K
OP FQ =

2N

K
OQ OL, OP , OQ . 0,±1,±2 48



! " = !$%&'⋅" : div! ", - = 01��' ' ⋅ !$%
&!⋅" = 0

+-!$3'1
�0���2=;<>

!$ =/
012,3

4$0 5'0 5'2�5'33%)462=;<>

!'0 " = 4$05'0%&'⋅"

4$03��13��� 

6 ", - = −
1
9
:! ", -
:-

; ", - = rot! ", -

2��%5 ! ", - =
1
2
%@&AB! " + c. c. !$ =/

012,3
4$0 5'0 :�"-

6 = −5'FG 4$0 sin ' ⋅ " − J- + K ; = −'×5'F 4$0 sin ' ⋅ " − J- + K

)*'?���4$0: 4$0 = 4$0 %&M /�")

&852�%59%74#1?6?;3�1��=;<>' ����	:!59(=;<>��1
�.?
%,6 /;3$�"1��2�� 
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'�	DHJEK;�A;�(���&:��( C#$3@DHJEK;�A)<
Poynting IFGJ(c/4π)ExH7+?B1A@*

! = −$%&' ()* sin % ⋅ / − 01 + 3 4 = −%×$%& ()* sin % ⋅ / − 01 + 3 .?

Poynting IFGJ<%:�!9IFGJ* 
/1<��;���:5,6��26

ω7

89:
()* 7 '�	;DHJEK;�A;��

'�	:>46=/-01A@���'�;����;&;%�

Schrödinger ��� ∅=0, div> /, 1 = 08-,6

Aℏ
CD
C1

= ℋ) −
AFℏ
G:

> ⋅ grad +
F7

2G:7
>7 D ℋ) = −

ℏ7

2G
∇7 + M /

ℋN 1 = −
AFℏ
G:

> /, 1 ⋅ grad

>7 ;)<�1,826�"3@8��)<

=
AFℏ
G:

1
2
>)F

P%⋅/FQPRS + >)
∗ FQP%⋅/FPRS ⋅ grad
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1 )#�!2��*9��3���2�-/@

t = 0 0�&ℋ"3��3
���#$:�5/%+1)/#��:	(#�! t 3�2�3��#%
2�:��*��:��#

& =(
$

)$ * #$+,-./0/ℏ

ℋ" #$= 3$ #$ 1)/�(/%91)/# 4ℏ 56
50

=ℋ7 :�'

)%
8 * = −

ℋ%$
: +
ℏ

+- <=/,< 0 − 1
?%$ − ?

−
ℋ%$

: −
ℏ

+- <=/@< 0 − 1
?%$ + ?

ℋ%$
: + = −

4+ℏ
2BC

D#%∗ +-F⋅HI" ⋅ grad#$dN

ℋ%$
: − = −

4+ℏ
2BC

D#%∗ +,-F⋅HI"
∗ ⋅ grad#$dN

ℏ?%$ = O% − O$

ℋ"3
���n 786ℏ?,("%;=><?:6.
���m2�:��*��4 ℋ%$
: + P 2��$

ℋ"3
���n 786ℏ?,(�%;=><?:6.
���m’ 2�:��*��4 ℋ%:$
: − P 2��$
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#� m K+X.�B&$ !"
#
$

%

M &"' ≅ &L��5

!"
#
$

%

=
∑+4 ℋ"'

. + % sin%
1

2
&"' − & $

ℏ% &"' − &
%

/���<ω Iω +dω L2L�XQE3'!L3'Y]_Z`L��X 7 & d&H-BI5?VX

ω%

8;<
=>?

% K*A8I:8G =>
% =

8;<

&%
7 & d&

ℋ"'
. + %X��I ℋ"'

. + = −
@Aℏ

2B<
CD"

∗ AFG⋅IJ> ⋅ gradD'dN X%8G

!"
#
$

%

= C
8;A%

B%<&%
7 & d& CD"

∗ AFG⋅IgradOD'dN
sin%

1

2
&"' − & $

&"' − &
%

gradτMpolarization ^[\_εL��KF8GL��X7SWB6

��5 �L��Mt<���=8I=M&<&mnK@>08I=LP�=J�X
�FLH&KF8GL)�X - ∞ ;S + ∞ OHL)�H0�
#

+P
7 & X

#

+QR
P 7 &"' K,=�9)�L�N5OD �L��L)�Mπt/2KJU?IK"�AG

#�n;S#�mNL	��27DTL1(&$M

T'→" + =
1

$
!"
#
$

%

=
4;A%

B%<&"'
7 &"' CD"

∗ AFG⋅IgradOD'dN

%

, G =
&"'

<

T'→" + M3'!X
AG#�n;S5CVRT48Y]_Z`L#�mN(U	��27DTL1(&$ 52



6&�`��FL!�n@Z;H]Y[�>acdbeQ!�mV'\���4=I[Q1'%"

!"→$ − =
4()*

+*,-$"
. -$" /0$∗ )234⋅6grad;0"d<

*

, 4 =
-$"
,

!"→$ − R.��Q��. -$" P��FL>\QM;,��� (stimulated emission) N�U

: 2. 6����1'

.��PYKL!�n, m 4PTB?DE]\1'Q%"R /0$∗ )±34⋅6grad;0"d<
*

P��

XF7��Q�3(2π/k)A!�n, mQ�	5� 0$, 0"Q(4$T^A[P�WL
�P3C]S

)34⋅6 ≃ 1 N/�< DQ�; ∫0$∗ )±34⋅6grad;0"d< R ∫0$∗ grad;0"d< NO\<

grad; R6�Q0	2 BQ ε�Q�� CD N CD = ℏ/G grad;Q5�P=\QM∫0$∗ grad;0"d< R

G
ℏ/0$

∗ CD0"d< GO_J;0	2 )� CD Q*�+#Qm, n�� CD $" P=I\<

6�Q��` 698-2` m M+GN C = + H6/HI M=\@Z; J $" = +
d
dI 6 $"
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Heisenberg 4*
�#�8:

d

d"
# =

1

&ℏ
#,ℋ*

�)4m, n '$<�;2 d

d"
#
+,

=
1

&ℏ
#ℋ* +, − ℋ*# +,

=
1

&ℏ
#+,., − .+#+,

=
&

ℏ
.+ − ., #,+

= &/+, 01+
∗ #1,34

%�- 01+
∗ grad81,d4 = −

9

ℏ
/+, :; +,

:; 5��?=>B r 4,�4polarozation?=>B ;4��4��

<,→+ + =
4@AB

9BC/+,
D /+, 01+

∗ AEF⋅#grad81,d4

B

<,→+ − =
4@AB

9BC/+,
D /+, 01+

∗ AHEF⋅#grad81,d4

B

3��<�057;2

,!�4�-�6(���4+" �5
4@BAB

ℏBC
D /+, :; +,

B

−er5,�4,����AD@C>1.;/9-+" �5,����@D@C>4-,�4polarization4
��4�� A:; 4m, n &	'$4��3��EEEEEE,����+"
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%������ er,m, n8#7����@�06*5-AAAA%���� �9�/=6*(

%���� �,�� (forbidden)

��m, n8��$�8parity,�7odd+';09�7even4)>5 r 8����90AAA%���� ���

%���� �,�/>0<79B28��8��$�8parity,�613*6.?:6=6*(

%���� �,��8
�' !"#⋅%8�"'

1 + (# ⋅ % − 1
2! # ⋅ %

, + ⋯

8��&+=%�	!� �'��&+=����� �,�/>(
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( 3. %�	<&
�
!"# $ = &'#("#)*"⋅$ ;,0A !"# $ =%�	<��'�*

FDEG k 8��1BA��;= λ=1, 2 ;�27�6<�":��'�.�3A*

,- =
2/
0 1- ,2 =

2/
0 12 ,3 =

2/
0 13 1-, 12 , 13 = 0,±1,±2

=�<���C�43*

8 = 9 ,-: + ,2: + ,3:
⁄= :

=
2/9
0 1-: + 12: + 13:

⁄= :

!"# $

>@)

>!"# $ ∗ ⋅ !"# $ dA = 0, "B ≠ ", D′ ≠ D >)* "F"G ⋅$ dA = 0 ;��*

D′ ≠ D ;27���.�@"6<= ("#, ("#G .�+;��5-?*

"B = ", DB = D <9/

> )!"#∗ $ ⋅ !"#($ dA = &' : >dA = A' :K 452!�<� C V ( = L3)  924*

<$��<��!"# $

> )!"#∗ $ ⋅ !"#($ dA = 4/9: &' = 4/ ⁄9: K !"# $ =
4/9
K ("#)*"⋅$

!"# $ =��$���# 56



�	�&���� .),1/+2*01& !"# $ �
��

! $, t =(
",#

)"*(,)!"# $ + )"*
∗ (,)!"#

∗ $

ω1 = 23

d5)"#(,)
d,5

= −7"
5)"# , ,

)d5)"#
∗ (,
d,5

= −7"
5)"#

∗ (,)

!#

)"# , = )"#89:;"< ��

�	� �'-1(3 = =
1
8@

A B5 + C5 dD

C $, , = rot! $, , , rot!"# = G"×!"#  ��&����

B $, , =
G
2
(

",#
71 )"#(,)!"# $ − )"#

∗ (,)!"#
∗ $

C $, , = G(
",#

)"#(,)"×!"# $ − )"#
∗ (,)"×!"#

∗ $

�%"&�'-1(3 ��������������

A "×!"#
∗ ($ ) "×!"# $ dD =

4@25

J
A "×K"# ⋅ "×K"# 89:"⋅$8:"⋅$dD =

4@25

J
35J = 4@71

5

 ��&���$��

= =(
",#
71
5 ()"#

∗ )"# + )"#)"#
∗ ) 57



!"#, !"#∗ (�-+'������

&'"# = )"(!"# + !"#∗ , ,"# = )"
1
. !"# − !"#∗

.���$�

'̇"# = )" −.)"!"# + .)"!"#∗ = )","#

,̇"# = )" −)"!"# − )"!"#∗ = −)"'"#
�,*(��%�*'W.����&�

1 =2
",#
ℋ"# =2

"#

1
2)" ,"#

5 + '"#5


#$������	)'"#� ,"#. ,!,����������&��"&�(Hamilton(���	

'̇"# =
6ℋ"#
6,"#

, ,̇"# = −6ℋ"#
6'"#
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6��P8��Y3A> !"#= $"#Q��+O$&
�N8L?WCV=8���O,WOQ !"#= $"#D��9�
$"#, !"# = ℏ/) Y%HG'/�L?WMGW>

6��Q∑",#ℋ"#YHamiltonianMFKTJ8�0>

ℋ, =-
",#
ℋ"# =-

",#

1
20" $"#

1 + !"#1

6��PZ\][^Qℋ,P�"�L�BVX=ℋ"#PZ\][^�"�3"# P�O.F@>

ℋ"#Q4� ω"P�#	5���O�GWHamiltonianL=

3"# = ="# +
1
2 ℏ0", ="#=0,1,2,…

6��PZ\][^�"�Q=

3 =-
",#
3"# =-

",#
="# +

1
2 ℏ0"

��*�Q):�P 0RHQ$P! P1S_=1, =2,⋯ , =),⋯ )OUIK��EXW>

���7-�<Q;(Z\][^P2�> 6��PZ\][^�"�Q 3 =-
",#
="#ℏ0"
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!"# =
ℏ

2'
("# − ("#

*+"# =
ℏ

2
("# + ("#

* ,

("#("#
* - ("#

* ("# = 1*���,+-���*
��"�

+"#, !"# = 'ℏ� ��

�	�$Hamiltonian ℋ0%

ℋ0 =1
"#
ℋ"# =1

",#
ℏ2"("#

* ("#

("#
∗ ("#%��", 4#$���#��$���$���5"#%0,1,2...$��*�(�

�	�$&!���% 6 =
1
489

:;×=d?

�)*,+-���#���(�

; @, A =
'
9
1

",#
2B C"#(A)F"# @ − C"#

* (A)F"#
∗ @ , = @, A = '1

",#
C"#(A)"×F"# @ − C"#

* (A)"×F"#
∗ @

�'���"�
; @, A = '

489G

H
1

"#
IJ"#

ℏ
22"

("#KL "⋅@NOP − ("#
* KNL "⋅@NOP

= @, A = '
489G

H
1

",#
"×J"#

ℏ
22"

("#KL "⋅@NOP − ("#
* KNL "⋅@NOP
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�DF!L
! =#

$,&
!$& =#

$,&
ℏ$($&

) ($&

BC>8*$&×$×*$&, = $-&,&,P,�>B9

!$&L0��K$�$, .K1�4P.?"+�G8@K� �Lℏkn$.

0��K($, .)G��=ON$�L8ℏ1$n$.KQTVRXHℏkn$.IN1�4P�E$�9

ℏ1$KQTVRXHℏkIN1�4P�E��<n$.���?N$�9

0��HK'��&KHamiltonianLUSW"+�P&:NH

ℋ, =
34ℏ
56

4869

:
#

$,&
*$&

ℏ
21<

($&4
= $⋅?@AB + ($&

) 4@= $⋅?@AB ⋅ grad

BC>8

H$I J =
ℏ
21$

($&4
@=A$B H$I

) J =
ℏ
21$

($&
) 4=A$B K5�P&:B9

HamiltonianK�K($&J!�>B7L��	6�JMN��K�2*J8 ($&
) J!�>B7L��K�
2*J'�9

�8�
K3)(%L@OAOn$., n$.+1J!�9 n$.+1J!�?N��K�
2*KI;G8 n$.J!�?N7L

/��
J��>81J!�?N7L-#�
J��9 )($&Ψ ⋯ , M$&,⋯ = M$&Ψ(⋯ , M$& − 1,⋯

P($&
) Ψ ⋯ , M$&,⋯ = M$& + 1Ψ(⋯ , M$& + 1,⋯ 61



F��e).o2O`�e��L&�e�KojP��@?ZmM

ℋ = ℋ# +ℋ%

ℋ#f��
I�eHamiltonian ℋ& bB��eHamiltonian ℋ' e�o=ZbZmM

ℋ%f��
I�bB��e4��2eHamiltonianM ℋ#e��0"dRVm�,0"f>V`OmbYL

[eptvqw�,�fI�eptvqw�,�Ea, Eb, …e�_bB��eptvqw�,�∑),+ ,)+ℏ.)e�M

*Gd��Y\%�Jℋ%e\idℋ#e�,0"eGd UAWXnmE6o;QmM

E651f / = 21
ℏ 2 ℋ% 3 45 67

\]YL3,2fE6!e�,0"L5 67 f+90"e0"��aL5 67 dEf;QmE6dRO`67b67+dE

eGdptvqwo$_+90" 2 e(M

�-0"aeI�eptvqw�,�fEaLB��f/�ursvk, S\kl8+ o$_��T,)+���M

+90" 2afI�f Ebe0"dLB��f(), :)e��T ,)+ - 1 �dLh\f ,)+ + 1�dcmD7o;QmM

	8eptvqwf��Xnmea 6< − 6> = ±ℏ.)+
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NQHP	�AHamiltonianG

 
H = − 

2

2m
Δ1 −

2e2

r1

⎛

⎝⎜
⎞

⎠⎟
+ − 

2

2m
Δ2 −

2e2

r2

⎛

⎝⎜
⎞

⎠⎟
+ e

2

r12

?6F0 r1, r2B
-�A	�2EA�'OKLR0r12= |r2 – r1| 

 
− 

2

2m
Δ − 2e

2

r
⎛
⎝⎜

⎞
⎠⎟
ϕn (r) = Enϕn (r)

UT �&�A�#�

A)G��@5:A�%�

Ψ r( ) = cnϕn
n
∑ r( ), Ψ† r( ) = cn

†ϕn
n
∑ *

r( )

G�1=�AHamiltonianA$�,��A(�G�CD0

VT U-�A���� /V !A�� @�<7<-�3�;:��Gϕ1 r( ) ϕ2 r( )
�(">�4(5/9A��>AIMRJSA���G$�,��A��>

*%8D0



IVC&���8+/> �

( 1. Schrödinger �
�'8��1>Schrödinger���

 
i ∂
∂t

Ψ s (t) = H Ψ s (t) (1)

Ψ s (t) -�� t0 ,< t ;6�%9�"@�.�/2A!�@�/5=32B)��8
$	0571>*

49��9�'�
9���@U(t, t0)70)

Ψ s (t) =U t, t0( ) Ψ s (t0 )

�#@�'6��1?:

(1)@��1>7

∂
∂t

Ψ s (t) = ∂
∂t
U t, t0( )⎧

⎨
⎩

⎫
⎬
⎭
Ψ s (t0 )

 

1
i
HU t, t0( ) Ψ s (t0 ) = ∂

∂t
U t, t0( )⎧

⎨
⎩

⎫
⎬
⎭
Ψ s (t0 )
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*+U:�47��	1

 

∂
∂t
U t,t0( ) = 1

i
HU t,t0( ) (2)

t0 "6t 3,��&7-

 
U t,t0( )−U t0 ,t0( ) = − i


HU t ',t0( )dt '

t0

t

∫
����U(t0, t0)=1:�!7-U(t, t0)1

 
U t,t0( ) = 1− i


HU t ',t0( )dt '

t0

t

∫ (3)

.7����	,�!687%-/.7�H#�69/�/5*+�.$82(2)1
�$+  U t, t0( ) = e− iH t−t0( )/


*+DH#�/�69/56.�ESchrödinger��,0��1

 Ψ s (t) = e− iH t−t0( )/ Ψ s (t0 )

05 /���&7�

H#;B?C=.6U(t, t0)1@><A����&.9) UU † = 1
Schrödinger��,1D�69/�:�3.$82E���1��('

��#��&7� 66



2 2. Heisenberg+#
Schrödinger+#K��K*�,&L�KP6J�:;H9��R4

Ψs (t) As Ψs (t) = Ψs (t)U t, t0( )U † t, t0( )AsU t, t0( )U † t, t0( ) Ψs (t)

B;G3Schrödinger+#K��3
N�%�J�=F�KP6IYXWZ��U�?4

AH =U † t,t0( )AsU t,t0( )
ΨH (t) =U † t,t0( ) Ψ s (t) =U † t,t0( )U t,t0( ) Ψ s (t0 ) = Ψ s (t0 ){ }

⎧
⎨
⎪

⎩⎪

;KP6I+#UHeisenberg+#H553��<SC0J�K0H�>�!"�
U�7SM3Schrödinger+#H	�J�$I .U-/?R4
[t0 L��D8Q t0=0 H=C+#U'7FO3OETV)54\

H9�1J��A@ K��L3 U t, t0( ) = e− iH t−t0( )/

 AH = eiH t−t0( )/Ase
− iH t−t0( )/

�(JHHAsL��=I5;HJ��4
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AH(t)#����$

 

i dAH

dt
= i dU †

dt
AsU +U † ∂As

∂t
U +U †As

dU
dt

⎧
⎨
⎩

⎫
⎬
⎭
= −U †HAsU +U †AsHU + iU † ∂As

∂t
U

=U † As , H[ ]U + iU † ∂As
∂t

U

 ���

 
i dAH

dt
= AH , HH[ ]+ iU † ∂As

∂t
U

�)+Heisenberg
�� �%�

Schrödinger���#����'*" t +�&!�!'

 
i dAH

dt
= AH , HH[ ] &�� HH = eiH t−t0( )/He− iH t−t0( )/ = H

�#���$�����(#$�����	$��!��
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% 3. ������
Hamiltonian*�"7<=6)L$8	4�.@?50?'

H = H0 + H '

H01,6= ,3)?5/& *���4(?
�7��6��*������'

JS��5H��8�"���K
H '

������8��FBDIA

 Ψ I (t) ≡ eiH0t / Ψ s (t)

5��0?'JGECH��K

-8��8!���9

 

i ∂
∂t

Ψ I (t) = −H 0e
iH0t / Ψ s (t) + eiH0t /i ∂

∂t
Ψ s (t)

= eiH0t / −H 0 + H 0 + H '( ) Ψ s (t) = eiH0t /H 'e− iH0t / Ψ I (t)

 e
iH0t /H 'e− iH0t / = H 'I (t) 5�+5

 
i ∂
∂t

Ψ I (t) = H 'I (t) Ψ I (t) H ' 5 H0 9��/6)-57��'

������8��$8:*�@?'

Ψ I (t) 9��$8�#1,4;2+>!�0?' 69



��/

 Ψ s (t) As Ψ s (t) = Ψ I (t) e
iH0t /Ase

− iH0t / Ψ I (t)

8AK;/ ���&!BGI�#�D

 AI (t) = e
iH0t /Ase

− iH0t / @�%8JEG20

H?DA4H0?1I6@B��0

AI (t) L��8I@

 
i ∂AI

∂t
= eiH0t / AsH 0 − AsH 0{ }e− iH0t / = AI (t), H 0[ ]

=FH��,D*�8I�#�BG<>&7J/6C�"�D.��CH0B
G<>�+7J>2I0

H03�(�B)5>2I�	/8AK; @�5I�	/

 ���&!7J9�#�C*��"�D

H 0 = Ekc
†
kck

k
∑

 
i ∂
∂t
ckI (t) = e

iH0t / ck , Ek 'c
†
k 'ck '

k '
∑⎡

⎣⎢
⎤
⎦⎥
e− iH0t / = eiH0t /Ekcke

− iH0t / = EkckI (t)

8AK;/
 
i ∂
∂t
ckI (t) = EkckI (t) ∴ ckI (t) = cke

− iEkt /

ckc
†
k 'ck ' − c

†
k 'ck 'ck = δ kk ' − c

†
k 'ck( )ck ' − c†k 'ck 'ck = δ kk 'ck ' + c

†
k 'ck 'ck − c

†
k 'ck 'ck = δ kk 'ck '( )
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VIDGreen�0�3��

! 1. Green�

���2�<;Green�
� � �ε3��1� ��2 �	
ρ(r)(�&9<.%;0*;#
@?C>AB=�6;���4

7) =�,*� (�-'<5"@?C>AB4

=��*<5�69<;#

1+19

�� /$:"

Δφ(r) = −ρ(r) / ε
ΔG(r, r ') = δ (r − r ') G(r, r ')

φ(r) = − G(r, r ') ρ(r ')
ε

dr '∫

Δφ(r) = − ΔG(r, r ') ρ(r ')
ε

dr '∫ = − δ (r − r ') ρ(r ')
ε

dr '∫ = − ρ(r)
ε

G(r, r ') = − 1
4π r − r '

φ(r) = − G(r, r ') ρ(r ')
ε

dr ' =∫
1
4πε

ρ(r ')
r − r '

dr '∫
 �	
28;@?C>AB3�

78



�*A�.��t0#.��xA;2<'�B����%�LA�7<0

LG(x,t; x ',t ') = δ (x − x ')δ (t − t ')

B+KGKGreen/�>�D1

Lf (x, t) = g(x, t) �
L��NNNsourceMA�70?BG3@�
L�$M f 6
 JI5K,-9I�"�

⎧
⎨
⎩

A�70�$ f C

f (x, t) = dx 'dt 'G(x,t;x ',t ')∫∫ g(x ', t ') =�4HJI1

GC���"�(1)K�:9>��A0f(x, t)>�8	���F!��KE
�:7<2IEB>9I1

(1)

Hamiltonian HKE;O&��BGreen/�

Schrödinger�"�A�9I&�B�(r>�. t A/9I���%�

 
L = i ∂

∂t
− H

A�7<0

LG(x,t; x ',t ') = δ (x − x ')δ (t − t ') K)4I1
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�,C-8?ESYVM��8?36A1

 

1
2π

i ∂
∂t

− H


⎛
⎝⎜

⎞
⎠⎟G(r, r ',ω )e

− iω (t−t ') dω = δ (r − r ')∫
1
2π

e− iω (t−t ') dω∫ (2)

G(r, r ',ω ) LHD��-��@�+9J2

G(r, r ',ω ) = cn (r ')
n
∑ φn (r)

:;8 G:1Hφn (r) = εnφn (r) φn (r)
n
∑ φn

*(r ') = δ (r − r ')

�+8: G L(2)C��8?

 
ω − εn


⎛
⎝⎜

⎞
⎠⎟ cn (r ')n

∑ φn
*(r) = φn (r)

n
∑ φn

*(r ')

�<? ZG(z)5�HIKKFHDPTOQW5�4J2[
 
G(r, r ', z) = φn (r)φn

*(r ')
z − εn / n

∑
�%���@E�
2 �%�@EHD/�!MRWNY���E�A8?1
'#���D"�EVYUX0D	�A8? KJ2

�%�D��4IzL�%C&>7:G(z)D�.�E*$B�L�=2

GR (r, r ',ω ) = lim
δ→0

GR (r, r ',ω + iδ )

GA (r, r ',ω ) = lim
δ→0

GA (r, r ',ω − iδ )

)�Green-�

�(Green-� 79



 

− 1
2π i

GR (r, r ',ω + iδ )−GA (r, r ',ω − iδ ){ } = − 1
2π i

φn (r)φn
*(r ')

ω + iδ − εn / 
− φn (r)φn

*(r ')
ω − iδ − εn / 

⎧
⎨
⎩

⎫
⎬
⎭n

∑

= − 1
2π i

φn (r)φn
*(r ')

n
∑ −2iδ

ω − εn / ( )2 +δ 2
= φn (r)φn

*(r ')
n
∑ 1

π
δ

ω − εn / ( )2 +δ 2

�����  
1
π

δ
x − x0( )2 +δ 2

= δ (x − x0 )

 
= φn (r)φn

*(r ')
n
∑ δ ω − εn / ( ) ≡ ρ(r, r ';ω )

 ρ(r, r ';ω ) /  ���� r’ → r ������ r �����
�	���

!ρ(r, r;ω) = φn(r)
2 δ (!ω − εn)

n
∑

r �����������	���

ω����������
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+%�
Green���>

GR (r, r ',ω + iδ ) -9;:8�.>

θ (t − t ') = − dω
2π i∫

e− iω (t−t ')

ω + iδ
t > t’ +1���)*$3�
ω=-iδ-*"5��=�
t < t’ +1���)*$3�	�0

⎧

⎨
⎪⎪

⎩
⎪
⎪

x
Re(ω)

 

GR (r, r ', t, t ') = 1
2π i

φn (r)φn
*(r ')

ω + iδ − εn / 
e− iω (t−t ')

n
∑−∞

∞

∫ dω

= 1
2π i

φn (r)φn
*(r ')

ω '+ iδ
e− i ω '+εn /( )(t−t ')

n
∑−∞

∞

∫ dω '

= 1
2π i

φn (r)φn
*(r ')e

− i εn


⎛
⎝⎜

⎞
⎠⎟ (t−t ') e− iω (t−t ')

ω + iδn
∑−∞

∞

∫ dω

= φn (r)φn
*(r ')e

− i εn


⎛
⎝⎜

⎞
⎠⎟ (t−t ')

n
∑ θ (t − t ')

t > t’-�-/<)+��t  t’ 02�4&*!-/�7�'�
���7�&#(�3����+��-��,�643-.GR
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Hamiltonian�H=H0+H’����H0��� Green
������ ���

 
i ∂
∂t

− H 0


− H '


⎛
⎝⎜

⎞
⎠⎟G(r, r ', t, t ') = δ r − r '( )δ t − t '( )

G"$&%#����

 
ω − H 0


− H '


⎛
⎝⎜

⎞
⎠⎟G(r, r ',ω ) = δ r − r '( )

�!"	�� �' ���(G(r, r ',ω ) H ' =V (r)

 
G r, r '( ) = G0 r, r '( ) + G0 r, r1( )V r1( )

∫ G r1, r '( )dr1
"	������� �� �

����

(1)

 
ω − H 0


⎛
⎝⎜

⎞
⎠⎟G0 (r, r ') = δ r − r '( )

 

ω − H 0


⎛
⎝⎜

⎞
⎠⎟G(r, r ') = ω − H 0


⎛
⎝⎜

⎞
⎠⎟G0 (r, r ')+ ω − H 0


⎛
⎝⎜

⎞
⎠⎟G0 (r, r1)∫

V r1( )


G r1, r2( )dr2

= δ r − r '( ) + δ r − r1( )∫
V r1( )


G r1, r '( )dr1

= δ r − r '( ) + V r( )


G r, r '( )

"	��G����� �)

 
∴ ω − H 0


− V (r)


⎛
⎝⎜

⎞
⎠⎟G(r, r ',ω ) = δ r − r '( ) 82



(1)0	*,����7�!�

 

G r, r '( ) = G0 r, r '( ) + G0 r, r1( )V r1( )∫ G r1, r '( )dr1
= G0 r, r '( ) + G0 r, r1( )V r1( )∫ G0 r1, r '( ) + G0 r1, r2( )V r2( )∫ G r2 , r '( )dr2{ }dr1
= G0 r, r '( ) + G0 r, r1( )V r1( )∫ G0 r1, r '( )dr1

+ G0 r, r1( )V r1( )∫ G0 r1, r2( )V r2( )G r2 , r '( )dr2dr1
+ G0 r, r1( )V r1( )∫ G0 r1, r2( )V r2( )G0 r2 , r3( )V r3( )G r3, r '( )dr3dr2dr1
+

 

T r1, r2( ) =V r1( )δ r1 − r2( )
+V r1( )G0 r1, r2( )V r2( )
+V r1( ) G0 r1, r2( )V r2( )G0 r2 , r3( )dr2V r3( )∫
+

��T��7��+63 > /.1�&"7*,?r2 ↔ r3

G r, r '( ) = G0 r, r '( ) + G0 r, r1( )T r1, r2( )∫ G0 r2 , r '( )dr1dr2
-�'5(-%�$5�G(r, r’)1��2T(r, r’)1��0��+5�
�
0#'5��1����4�H’%��:9=8;<1��1����%
T��7� ,��)65� 83



6 2. �)*KGreen4�

G�+8 L���K9>E<K�'S�3K�=95J�M

�:Q�'8

G x, x '( ) = −i Φ0 T ΨH(x)Ψ
†
H (x '){ } Φ0

 T { }

ΨH(x),Ψ
†
H (x ') (x = (r, t)) LHJOP�+@RQHeisenbergK�'8

T ΨH(x)Ψ
†
H (x '){ } = ΨH(x)Ψ

†
H (x ') t > t '

±Ψ†
H (x ')ΨH(x) t ' > t

⎧
⎨
⎪

⎩⎪

+, -Lboson, fermionJ��8](	KCNUX[-!�L,:F9I98^

L�)*HKHeisenberg.$K
���8t > t’KH=L�EK��
H K2IP%�G7�)*K
���J;9F

�37&3K�xJ)_�S�?�:CH=7BK�K�&�x’J)S
/9DA# ��]K-i�^8 �&3�K"�K01 G← YZWT\V\

Φ0

Ψ†
H (x ') Φ0 Ψ†

H (x) Φ0
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������Green���������

G�
��	�

 
i ∂Ψ

∂t
= − H ,Ψ[ ] Ψ(r),Ψ†(r ')⎡⎣ ⎤⎦ = δ (r − r ') ������

 

G r, r ', t, t '( ) =  Φ0
∂
∂t
T Ψ(r, t)Ψ†(r ', t '){ } Φ0

=  Φ0
∂
∂t

θ (t − t ')Ψ(r, t)Ψ†(r ', t ')±θ (t '− t)Ψ†(r ', t ')Ψ(r, t){ } Φ0

=  Φ0
∂
∂t
θ (t − t ')Ψ(r, t)Ψ†(r ', t ')+θ (t − t ') ∂

∂t
Ψ(r, t)Ψ†(r ', t ')

± ∂
∂t
θ (t '− t)Ψ†(r ', t ')Ψ(r, t)±θ (t '− t)Ψ†(r ', t ') ∂

∂t
Ψ(r, t) Φ0

=  Φ0 δ (t − t ')Ψ(r, t)Ψ
†(r ', t ')+θ (t − t ')i H ,Ψ(r, t)[ ]Ψ†(r ', t ')

±δ (t '− t)Ψ†(r ', t ')Ψ(r, t)±θ (t '− t)Ψ†(r ', t ')i H ,Ψ(r, t)[ ] Φ0

= δ (t − t ') Φ0 Ψ(r, t),Ψ†(r ', t ')⎡⎣ ⎤⎦± Φ0 + Φ0 Ti H ,Ψ(r, t)[ ]Ψ†(r ', t ') Φ0

= δ (x − x ')− i Φ0 T Ψ(r, t),H[ ]Ψ†(r ', t '){ } Φ0
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��&�� Ψ(r, t), H[ ] = Ψ(r, t), H0 + H '[ ]

 

= Ψ(r, t) Ψ†(r ', t ')h0 r '( )∫ Ψ(r ', t)dr ' Ψ†(r ', t ')h0 r '( )∫ Ψ(r ', t)dr 'Ψ(r, t)+ Ψ(r, t),H '[ ]
= Ψ(r, t),Ψ†(r ', t ')⎡⎣ ⎤⎦± h0 r '( )∫ Ψ(r ', t)dr '+ Ψ(r, t),H '[ ]
= δ (r − r ')h0 r '( )∫ Ψ(r ', t)dr '+ Ψ(r, t),H '[ ]
= h0 r( )Ψ(r, t)+ Ψ(r, t),H '[ ]

��#$�

 

i ∂
∂t
G r, r ', t, t '( ) = δ (x − x ')− ih0 r( ) Φ0 T Ψ(r, t)Ψ†(r ', t '){ }

+ T Ψ(r, t), H '[ ]Ψ†(r ', t '){ } Φ0

= δ (x − x ')+ h0 r( )G r, r ', t, t '( ) + Φ0 T Ψ(r, t), H '[ ]Ψ†(r ', t '){ } Φ0

#��

 
i ∂
∂t

− h0 r( )⎧
⎨
⎩

⎫
⎬
⎭
G x, x '( ) = δ (x − x ')− Φ0 T Ψ(r, t), H '[ ]Ψ†(r ', t '){ } Φ0

"�H’(�����)���%!*�� Green�	���
��'����
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��� *&)+�'��3−i Φ0 T Ψ(r, t), H '[ ]Ψ†(r ', t '){ } Φ0

H ' = Ψ†(r1)Ψ
†(r2 )V r1 − r2( )Ψ(r2 )Ψ(r1)dr1 dr2∫ %$-%�

−i Φ0 T δ r − r1( )Ψ†(r2 )V r1 − r2( )Ψ(r2 )Ψ(r1)dr1 dr2Ψ†(r ')∫{ } Φ0

= −i V r − r2( )∫ Φ0 T Ψ†(r2 )Ψ(r2 )Ψ(r)Ψ
†(r '){ } Φ0 dr2

= V r − r2( )∫ G (2) x2 , x2 , x, x '( )

""+,1�)Green�
�

G (2) x1, x2 , x3, x4( ) = (−i)2 Φ0 T Ψ(x1)Ψ(x2 )Ψ
†(x3)Ψ

†(x4 ){ } Φ0

 �.-�1�)Green�
/��$-��	(*2�)Green�
 �.0000
%��+�(��)Green�
)�� �#'�����)�-����*
��(*��(�!'��
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0 3. Green-�<!$,>-�>�

M&�Green-�5A��

ML'>��"�;>��>M&��%�>���

M�>�%� F(4D2F = Ψ†(r, t) f (1) r( )Ψ(r, t)dr∫
Φ0 Ψ

†(r, t) f (1) r( )Ψ(r, t) Φ0 = lim
r '→r

f (1) r( ) Φ0 Ψ
†(r ', t)Ψ(r, t) Φ0

= ±i lim
t '→t+

lim
r '→r

f (1) r( )G r, t, r ', t( )

f (1)(r) ?r’→ r F�D	=��F�@82t+?tBC .�96+E:3D2
�%�5��>/�;#E:3D7<F�)2

��=1 1n̂ r( ) = ±iG r, t, r, t +( )
 
T̂ = ±i d 3x lim

r '→r∫ − 
2∇2

2m
G r, t, r ', t +( )⎡

⎣
⎢

⎤

⎦
⎥

2L F�4D7<=BC'>��"�>GIJHKF�4D2V
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